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A B S T R A C T   

In this study, the stochastic numerical solutions of the fractional myeloma bone disease system (FMBDS) have 
been presented. The fractional order investigation provides more accurate solutions of the FMBDS. The FMBDS is 
classified into three dynamics and the solution of each class is presented by using the artificial neural network 
enhanced by the scale conjugate gradient procedures (ANN-SCGPs). Three different fractional order perfor
mances have been used to present the solutions of the FMBDS by applying the ANN-SCGPs. The statics is chosen 
as 11%, 12% and 77% for training, testing and verification. Twelve number of hidden neurons with input and 
output layers have been proposed for the FMBDS. The comparison of proposed and reference solutions is per
formed that shows the accuracy of the ANN-SCGPs. The consistency, validity, precision, and capability of the 
ANN-SCGPs can be judged based on the state transitions values, regression actions, correlation behaviors, error 
histograms, and mean square error data.   

1. Introduction 

Remodeling is the process through which bone is continuously 
replaced throughout the skeleton. The bone formation procedure oc
cupies 5–25% of the bone’s surface and heterogeneous, with asynchro
nous cycles at numerous places [1]. Every component of the skeleton is 
periodically modified throughout time in this way. The process of bone 
remodeling has been mathematically modeled in numerous ways. 
Models of Michaelis-Menten-like regulatory mechanisms on bone 

resorption are among these approaches to consider how bone growth is 
induced by biomechanical stress [2–6]. Other simulation projects have 
looked at the signaling pathways in the osteoblasts and osteoclasts 
intricated in the remodeling of bone or taken into consideration of both 
activities based on the microenvironment called as elementary multi
cellular unit [7–11]. 

A hematological cancer called multiple myeloma is brought by using 
the clonal proliferation of malignant plasma cells in bone marrow. One 
of the clinical manifestations of myeloma is the onset of an osteolytic 
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bone disease that progresses and is destructive, accompanied by severe 
hypercalcemia, pathological fractures, bone pain, osteoporosis, and 
compression of the backbone cord. For myeloma to grow/survive and 
osteolytic bone disease to develop, connections between bone marrow 
myeloma microenvironment cells are essential [12,13]. Because of vi
cious loop that forms between myeloma cells and the bone marrow 
microenvironment, myeloma bone illness has a greater propensity for 
destruction. 

Resorption and production become uncoupled in the aberrant bone 
remodeling, which arises in various myeloma patients, which leads to an 
increase in bone resorption and a decrease in bone creation. In close 
proximity to regions of active bone resorption, myeloma cells have been 
extensively documented for their capacity to induce osteoclast devel
opment and production [14–16]. In the early stages of myeloma, bone 
production is actually boosted, as per histological investigations. This is 
assumed to be an effort to make up the rise in osteoclastic resorption. 
Bone formation, however, dramatically declines as the condition 
worsens [17,18]. Studies showing that multiple myeloma patients have 
lower levels of bone formation markers with their support [19,20]. 
Multiple myeloma is still an incurable cancer despite many important 
improvements in our understanding of its biology, and the devastating 
osteolytic bone disease is a primary source of morbidity in individuals 
with multiple myeloma. 

The bone remodeling based on the tumor growth shows that how 
tumor effects paracrine and autocrine signaling the osteoblast and 
osteoclast using the cell populations. The feedback from osteoblasts and 
osteoclasts that controls each cell type’s development is known as 
autocrine signaling. Paracrine signaling is a representation of the factors 
released by osteoclasts that regulate osteoblast formation, and the other 
way around. The underlying system based on the bone remodeling is 
used in the nonappearance of tumor [21–24]. This dynamical system has 
no explicit spatial dimensions, but it does have a dependent variable that 
tracks bone mass over time. If the bone mass system is applied as a local 
trabecular mass beneath a surface point of the bone, then dimension 
based on one spatial is presented. 

A mathematical system based on the fractional myeloma bone dis
ease system (FMBDS) has been presented in this study. The fractional 
order derivatives have been used in various applications to find the 
accurate performances. The FMBDS is categorized into three classes and 
the solution of each category is presented by applying the artificial 
neural network along with the scale conjugate gradient procedures 
(ANN-SCGPs). The stochastic computing approaches based on the ANN- 
SCGPs have been used before to solve the mathematical FMBDS. 
Recently, the stochastic solvers had abundant applications in the food 
chain dynamical models [25–27], singular differential system [28–30], 
eye surgery differential models [31,32], smoking mathematical models 
[33,34], nonlinear biological Leptospirosis system [35,36] and nervous 
stomach models [37,38]. By keeping these applications into mind, the 
authors are interested to solve the mathematical form of the FMBDS 
stochastically. Few novel features of this study are presented as:  

• A mathematical model based on FMBDS along with the effects of 
tumor is presented.  

• The fractional order study is used to find more realistic solutions of 
the biological based nonlinear differential model.  

• The computational stochastic procedures based on ANN-SCGPs have 
been implemented to solve the FMBDS.  

• The solutions of three fractional order cases of the model have been 
accessible for the mathematical FMBDS.  

• The correctness of the scheme is observed through the comparison 
performances of the proposed and reference Adam solutions.  

• The accuracy of the scheme is observed in term of state transitions 
(STs) values, regression actions, correlation behaviors and error 
histograms (EHs) for solving the mathematical nonlinear FMBDS. 

The remaining sections of the paper are provided as: Section 2 rep
resents the design of the FMBDS, Section 3 shows the methodology of the 
scheme, Section 4 presents the numerical solutions of the FMBDS and 
final Section indicates the concluding remarks. 

2. Mathematical model of the FMBDS 

In this section, the mathematical form of the FMBDS is presented. 
The presence of myeloma disturbs the consistent cycles of normal bone 
system. The mathematical form of the integer order system is given as 
[39]: 
⎧
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Where C(θ) and B(θ) represent the densities of the osteoclasts and os
teoblasts, while T(θ) presents the tumor cells density at time θ. The 
description of each parameter that is used in equation (1) is presented in 
Table 1 as: 

The numerical performances of the mathematical FMBDS have been 
acheived in these investigations by applying the procedures of artificial 
intelligence (AI) along with the stochastic computing framework based 
on the ANN-SCGPs. Recently, the stochstic procedure have been 
implemented in various disease model based applications, like as novel 
discrete coronavirus fractional model [40], fractional order dynamical 
nonlinear susceptible infected and quarantine differential model [41], 
fractional order novel food supply system [42], 
immune-chemotherapeutic treatment for breast cancer [43], and 
SIDARTHE coronavirus differential pandemic model [44]. 

The mathematical FMBDS have been presented to analyse the per
formances based super slow evolution or superfast progressions by using 
the fractional derivatives as: 
⎧
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where υ indicates the fractional order Caputo derivatives for solve the 
FMBDS by applying the ANN-SCGPs. The values of the fractional order υ 
are taken between 0 and 1. 

Table 1 
Description of the parameter for the FMBDS.  

Parameter Descriptions 

gBB ,gBC,gCC,gCB Autocrine regulator 
βB,βC Apoptosis rate 
αC,αB Activation rate 
rBB, rBC, rCC, rCB Autocrine of tumorous and paracrine instruction 
LT Metastases bone magnitude 
γT Growth metastases rate 
l1, l2, l3 Initial conditions  
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Fig. 1. Workflow illustrations using the using the ANN-SCGPs for the FMBDS.  
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3. Procedure based ANN-SCGPs 

The structure of the ANNs-SCGPs for FMBDS has been presented by 
using the execution performances of the scheme along with the signifi
cance operator measures. Fig. 1 represents the stochastic multi-layer 
optimization procedures using the ANN-SCGPs. The statics is selected 
as 11%, 12% and 77% for training, testing and verification. Twelve 
hidden numbers of neurons with input and output layers have been used 
in these investigations to solve the FMBDS. 

The parameter implementation procedures by applying the ANN- 
SCGPs are shown in Table 2. 

4. Results and discussions 

The current section shows three distinct values of the fractional order 
derivative of the FMBDS haven been taken. The solutions of these three 
variations by using the ANN-SCGPs have been provided to solve the 
FMBDS. The mathematical form of the FMBDS is given as: 

Case 1: Consider the values υ = 0.5, LT = 0.14, γT = 0.22, βB =

0.25, αB = 0.22, βC = 0.1, αC = 0.12, rCC = 0.18, rBB = 0.1, rBC =

0.2, gBB = 0.09, rCB = 0.19, gCC = 0.16, gCB = 0.17, gBC = 0.15, 
l1 = 0.1, l2 = 0.2 and l3 = 0.3 in equation (2). 
Case 2: Consider the values υ = 0.6, LT = 0.14, γT = 0.22, βB =

0.25, αB = 0.22, βC = 0.1, αC = 0.12, rCC = 0.18, rBB = 0.1, rBC =

0.2, gBB = 0.09, rCB = 0.19, gCC = 0.16, gCB = 0.17, gBC = 0.15, 
l1 = 0.1, l2 = 0.2 and l3 = 0.3 in equation (2). 
Case 3: Consider the values υ = 0.7, LT = 0.14, γT = 0.22, βB =

0.25, αB = 0.22, βC = 0.1, αC = 0.12, rCC = 0.18, rBB = 0.1, rBC =

0.2, gBB = 0.09, rCB = 0.19, gCC = 0.16, gCB = 0.17, gBC = 0.15, 
l1 = 0.1, l2 = 0.2 and l3 = 0.3 in equation (2). 

The performances to find the numerical solutions based on the ANN- 
SCGPs for the FMBDS haven presented. The statics is chosen as 11%, 
12% and 77% for training, testing and verification. Twelve number of 
hidden neurons with input and output layers have been proposed in this 

study for FMBDS. The input/hidden/output hidden layers structure is 
presented in Fig. 2. 

Figs. 3–5 indicates the ANN-SCGPs procedure for solving the math
ematical form of the FMBDS. Fig. 3 illustrates the values of the MSE and 
STs for FMBDS and Fig. 4 shows the perfect EHs, curves, validations, and 
STs for the mathematical form of the FMBDS. The optimal values of 
FMBDS have been presented at iterations 38, 63 and 40 that are 2.34645 
× 10− 09, 2.56690 × 10− 10, and 4.59596 × 10− 10. The gradient measures 
for case 1 to 3 are 8.64 × 1930− 08, 9.77 × 10− 08, and 9. × 10− 08. Fig. 4 
indicates the computational performances along with the values of the 
EHs for the mathematical form of FMBDS based on ANN-SCGPs. The 
achieved and reference solution performances have been presented to 
access the exactness of the approach. The solutions of the FMBDS based 
on the ANN-SCGPs based on the authentication, training and testing 
have been also drawn. Fig. 4 represents the values of EHs that are 3.85 ×
10− 06, 7.13 × 10− 06, and − 7.3 × 10− 07 for case 1 to 3. Fig. 5 represents 
the correlation measures based on ANN-SCGPs for the FMBDS. The 
correlation performances using the ANN-SCGPs have been presented for 
the FMBDS. The accuracy of the ANN-SCGPs for the mathematical 
FMBDS has been presented based on the training, authentication and 
testing measures. Table 3 shows the MSE measures for the FMBDS using 
the verification, training, complexity, iterations and backpropagation. 

Figs. 6 and 7 indicate the exactness of ANN-SCGPs for the FMBDS 
using the comparison of the solutions and the performances of the AE. 
The obtained numerical measures have been provided for the nonlinear 
mathematical FMBDS using the ANN-SCGPs. These overlapping of the 
results have been performed in Fig. 6. The AE values for the nonlinear 
mathematical FMBDS using the AI based procedures have been illus
trated in Fig. 7. The AE for the C(θ) and have been calculated as 10− 04 to 
10− 05 for 1st case, while the AE for rest of the cases found as 10− 05 to 
10− 06. The performances of the AE for B(θ) are calculated as 10− 04 to 
10− 06 for each case of the mathematical FMBDS. The AE for T(θ) lie as 
10− 04 to 10− 05 for case 1, while the AE for other two cases found as 
10− 05 to 10− 06. These optimal AE measures indicate the correctness of 
the ANN-SCGPs for the mathematical FMBDS. 

5. Conclusion 

The purpose of these investigations is to propose the stochastic 
performances of the fractional myeloma bone disease system to get more 
realistic solutions. The dynamics of the FMBDS is categorized into three 
classes and the solution of each class is presented by using the ANN- 
SCGPs. Some concluding remarks of this study are presented as:  

• The stochastic numerical solutions have been presented first time to 
solve the mathematical FMBDS.  

• Three different variations of the fractional order derivatives have 
been presented to present the numerical performances of FMBDS by 
applying the ANN-SCGPs.  

• The selection of the data is performed as 11%, 12% and 77% for 
training, testing and verification.  

• Twelve number of hidden neurons with output and input layer 
structure have been proposed to solve the FMBDS using the ANN- 
SCGPs. 

Table 2 
Implementation performances using the ANN-SCGPs.  

Index Settings 

Authentication data 77% 
Test data 12% 
Fitness (MSE) 0 
Hidden/input/output layers Single 
Reduction in mu values 0.4 
Selection of data Random 
Maximum performances of mu 109 

Maximum learning Epochs 600 
Dataset Adam’s method 
Adaptive values of the parameter 0.002 
Train data 11% 
Increasing factor of mu 09 
Hidden neurons 12 
Verification count fails 07 
Minimum gradient measures 10–07 

Adam’s method and terminating values Default  

Fig. 2. Input/hidden/output layers structure using the ANN-SCGPs for FMBDS.  
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Fig. 3. The values of the MSE and STs for the FMBDS.  
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Fig. 4. Valuations of the results and EHs for the FMBDS.  
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Fig. 5. Regression values for the FMBDS.  

Table 3 
MSE performances using the ANN-SCGPs for FMBDS.  

Case MSE Performance Gradient Mu Epoch Time 

[Training] [Verification] [Testing] 

I 5.924 × 10− 09 2.346 × 10− 09 1.20 × 10− 09 5.92 × 10− 09 8.64 × 10− 08 1 × 10− 10 

1 × 10− 10 

1 × 10− 10 

38 2 Sec 
2 1.737 × 10− 09 2.456 × 10− 10 2.90 × 10− 10 1.74 × 10− 09 9.77 × 10− 08 63 3 Sec 
3 9.799 × 10− 10 4.595 × 10− 10 3.29 × 10− 09 9.80 × 10− 10 9.93 × 10− 08 40 2 Sec  
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Fig. 6. Result comparison using the ANN-SCGPs for the FMBDS.  
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• The exactness of the ANN-SCGPs is performed by using the com
parison performances of the proposed and reference solutions.  

• The fractional order derivatives have been provided for 0.5, 0.6 and 
0.7 and it is noticed that the results based on 0.7 are more accurate as 
compared to other two derivative values.  

• The consistency, validity, precision, and capability of the ANN- 
SCGPs can be judged through analysis of the STs values, regression 
actions, correlation behaviors, EHs, and MSE data. 

In future, the ANNs-SCGPs procedure is presented to solve the 
nonlinear differential mathematical models [45–53]. 
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